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Abstract 

We report briefly on an approach to quantum theory entirely based on symmetry grounds 
which improves Geometric Quantization in some respects and provides an alternative 
to the canonical framework. The present scheme, being typically non-perturbative, is 
primarily intended for non-linear systems, although needless to say that finding the basic 
symmetry associated with a given (quantum) physical problem is in general a difhcult 
task, which many times nearly emulates the complexity of finding the actual (classical) 
solutions. Apart from some interesting examples related to the electromagnetic and 
gravitational particle interactions, where an algebraic version of the equivalence principle 
naturally arises, we attempt to the quantum description of non-linear sigma models. In 
particular, we present the actual quantization of the partial-trace non-linear SU{2) sigma 
model as a representative case of non-linear quantum field theory. 

PACS: 11.30.-j, 11.30.Na, 03.65.Fd, 03.65.-w, 03.70.-Fk, 02.20.Tw, 04.20.Fy 

1 Introduction 

In this brief report we attempt to illustrate the features of a group-theoretical approach to 
the quantum description of fundamental physical systems, which is being developed over the 
last decades [1]. The underlying motivation for pushing ahead the present Group Approach 
to Quantization (GAQ) is twofold. On the one hand we face a basic argument of beauty; we 
attempt to contribute to the big effort that had been devoted to place Quantum Mechanics in 
a similar geometrical status to that of Classical Mechanics or, even. General Relativity, in that 
which was known as Geometric Quantization (GQ) [2, 3, 4, 5]. On the other, there exists more 
practical reasons supported by a great variety of physical examples where the old (canonical) 
quantization finds serious difficulties in describing them properly. In fact, the limitations of 
Canonical Quantization were soon stated neatly through the so-called "no-go" theorems [6] (see 
also [7]). 

The main ingredient in GAQ is the group structure taken to the ultimate consequences, that 
is to say, symmetry is intended to contribute to Physics as a building block rather than a practical 
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tool for finding additional solutions to partially solved (symmetrical) problems. Even more, this 

approach attempts to describe a quantum physical system from the group manifold itself and its 
canonical structures, aiming at reducing the problem of establishing the physical postulates to 
that of choosing specific groups. In addition, it should be considered as a method for describing 
directly the quantum dynamics since the intermediate step of solving the classical equation of 
motion is not required. In fact, the quantum nature of a given system can be associated with 
the actual (compact) topology of (part of) the addressing symmetry group, whereas the classical 
limit is obtained by simply taking a local version (in the sense of taking a local chart) of the 
symmetry ("opening" the multiplicative L'"(l) central subgroup to the additive real line M). 

From a technical point of view, the present method also represents significant advantages. In 
particular, the biggest obstruction found by Geometric Quantization in dealing with non-linear 
systems, that of achieving the complete reduction of the geometric representation (polarization), 
can now be much better addressed on the grounds of the algebraic group structure. This is 
mainly due to the existence of two mutually commuting (left- and right-) actions, so that the 
infinitesimal generator of one of them can be used to construct the Poisson (classical) algebra 
representation (pre-quantization in the sense of Geometric Quantization), whereas the other can 
be employed to reduce completely the representation (true quantization). 

Although the requirement of the additional structure of Lie group might be seen as a draw- 
back, it should be remarked that after all, the Lie algebra stiTictTirc is one of the few bricks 
shared by all quantization methods, which look for unitary and irreducible representations of a 
given Lie (Poisson) algebra somehow characterizing a physical system. 

This paper is organized as follows. In Sec. 2 we motivate the central extensions of classical 
symmetry groups with the example of the Galilei group as well as the extension of classical 
phase space with an extra variable. In Sec. 3 the fundamentals of the Group Approach to 
Quantization scheme arc presented. Sec. 4 is devoted to illustrating the way in which GAQ 
describes physical systems bearing a finite number of degrees of freedom. We start with the 
example of the free particle and then proceed to introduce interactions through some sort of 
revisited Minimal Coupling Principle. In particular, the particle moving in an electromagnetic 
field, as well as the geodesic motion in a gravitational field are analyzed. In the last case, a 
very simple algebraic version of the Equivalence Principle naturally arises. In Sec. 5 we present 
examples of infinite-dimensional systems. After studying the example of the Klein-Gordon field 
we end up with the case the Non-Linear Sigma Model (NLSM) as an example of a genuine 
non-linear field. 

We wish to mention that the present GAQ method has been applied to numerous physical 
systems that can not be reported here. Among them, we refer the reader to Refs. [8, 9, 10, 11, 
12, 13]. 

2 The role of central extensions of "classical" symmetries 

Let us consider the symmetry of the Lagrangian of the free particle in 1 + 1 dimensions: 

L = -m X 
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Under the classical Galilean transformations 



x' = X + A + Vt, t' = t + B, (1) 

The Lagrangian moves to C = ^m(i +V)'^ = £ + ^{^mV'^t + 'mVx). That is, £ is not strictly 
invariant, but semi-invariant, due to the presence of the total derivative. 

In infinitesimal terms something similar happens. Taking the Lie derivative of C with respect 
to the generators of the group results in: 

= — ^ XbjC = 

at 

Xa = ^ XaC = 

ox 

= 4+1^ XyC = ^^imx)^0 
The same is also valid for the Poincare-Cartan form: 

dC . dC . 

Qpc = pdx — Hdt = — rdx — (x p — C)dt = — ridx— x dt) + Cdt 
ox ox 

whose Lie derivative is: 

LxsQpc = ^, Lx^@pc = 0, LxyOpc = d{mx) ^ 0. (2) 

The quantum free particle suffers from the same "pathology" although it manifests in a dif- 
ferent manner. Let us apply the Galilean transformations (1) to the Schrodinger equation. We 
get: 

ifi^ - -—v^xi, ih— - -—V^^-ihV— 
dt 2m dt' 2m dx' 

The extra term can be compensated if we also transform the wave function by means of a 

non-trivial phase: 

^^^' = e^f (^^+1^'*)^. (3) 

Then, we recover the original (fully primed) Schrodinger equation ih^l- = — ^V'^^'. Joining 
together the Galilean transformations (1) and the phase transformation (3) we obtain a group 
of strict symmetry whose group law is: 

B" = B' + B 

A" = A' + A + V'B 

V" = V' + V (4) 

where the last line has the general form = Q'Qe^^^'^^ with ^ = e**^ G ^^(1) ^ind the function 
^ being that which is customarily named 2-cocycle on the Galilei group, characterized by the 
mass m [14, 15, 16]. A constant H with the dimensions of an action has to be introduced to keep 
the exponent dimensionless. 



3 



The infinitesimal version of the group law (4) is expressed by means of the extended Lie 
algebra commutators: 



Xb, Xy 



Xa, 



Xa, Xv 



= —mXj,. 



(5) 



between the extended generators: 



Xb 
Xa 
Xv 

Xj, 



d_ 

di 
d_ 

dx 

d d B 



One of the relevant points concerning both the strict invariance and, consequently, the cen- 
trally extended symmetry is that the corresponding extended Lie algebra now properly represents 
the Poisson algebra generated by [H = K = x — ^t, P = p, 1) when acting as ordinary 
derivations on complex functions, provided that we impose that the new generator acts on ^ 
as = i^*, or, in finite terms, ^'(Cfi') = C'^id)- Notice that the unextended algebra, with the 
commutator [Xa, Xy] = 0, is not an isomorphic image of the corresponding Noether invariants 
H, P, K algebra. 

There is yet another remarkable advantage of requiring the strict symmetry of a given arbi- 
trary classical system. In fact, such a symmetry can only be realized faithfully if we extend the 
classical phase space M parameterized by K, P (or solution manifold) by an extra variable, to 
be identified with or ^ = e**^. In the compact {U{\)) case, that is, the choice of C,, we thus 
arrive at the notion of a quantum manifold Q [2, 5]. In this manifold, locally parameterized 
by K,PX = e'^, an extended Liouvillc form (0pc defines the Liouville form on the solution 
manifold except for a total differential) 



e 



(or PdK + dcp) 



substitutes successfully the ordinary one in the search for an invertible duality between Hamil- 
tonian functions and Hamiltonian vector fields. In fact, the Hamiltonian correspondence 

f Xf such that ixfd-d = —df 

has the real numbers R as kernel. However the correspondence 

f t-^ Xf such that i^^dQ = —df ,i-^^Q = f 

has unique solution. 

This is, so to speak, the starting point for GQ, where the pair (symplectic manifold) (M, oj = 
d-d) is replaced with the pair (Q, 0) as a ?7(l)-principal bundle with connection (quantum 
manifold) under the requirement that the curvature of B defines on M the symplectic form uj 
with integer co-homology class (tantamount to say that the integration of 'd on closed curves 
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results in an integer; this is a modern, geometric version of the Bohr-Sommerfeld rules [5]). 
The association f ^ f k. Xf defines the pre-quantum operators, as derivations on complex 
?7(l)-functions on Q, which realize a unitary representation of the Poisson bracket although non- 
irreducible. The true quantization, that is to say, the irreducibility, is intended to be achieved 
after the polarization condition is imposed (see Refs. [2, 5] and the analogous condition in next 
section). 

It should be mentioned that the possibility exists of extending the classical phase space by 
the real line and the classical group by the non-compact additive group R. In that case the 
constant h is no longer needed and the resulting theory describes the classical limit in a global 
version of the Hamilton- Jacobi formulation (see Ref. [1]). 

3 Group Approach to Quantization 

The essential idea underlying a group-theoretical framework for quantization consists in select- 
ing a given subalgebra Q of the classical Poisson algebra including {H, pi, , 1) and finding 

its unitary irreducible representations (unirrcps), which constitute the possible quantizations. 
Although the actual procedure for finding unirrcps might not be what really matters from the 
physical point of view we proceed along a well-defined algorithm, the group approach to quan- 
tization or GAQ for brief, to obtain them for any Lie group. 

All the ingredients of GAQ are canonical structures defined on Lie groups and the very basic 
ones consist in the two mutually commuting copies of the Lie algebra ^ of a group G of strict 
symmetry (of a given physical system), that is, the set of left- and right-invariant vector fields: 

X^{G) KiQKi X^{G) 

in such a way that one copy, let us say X^{G), plays the role of pre-Quantum Operators acting 
(by usual derivation) on complex (wave) functions on G, whereas the other, X^{G), is used to 
reduce the representation in a manner compatible with the action of the operators, thus providing 

the true quantization. 

In fact, from the group law g" = g' * g of any group G, we can read two different left- and 
right-actions: 

g" = 9' *9 = Lg>g, g" = g' *g = Rgg' . (6) 

Both actions commute and so do their respective generators and X^ , i.e. [X^, X^] = 
Va,6. 

Another manifestation of the commutation between left an right translations corresponds to 
the invariance of the left-invariant canonical 1-forms, {^^"} (dual to {X^}, i.e. 9^'^{X^) = d^) 
with respect to the right-invariant vector fields, that is: Lj^^O^^ = and the other way around 

a 

(L ■<-> R). In particular, we dispose of a natural invariant volume oj on the group manifold since 
we have: 

L^je^'' A9^^ Ae^'^...) = L<>r,uj = 0. (7) 

a a 

We should then be able to recover all physical ingredients of quantum systems out of algebraic 
structures. In particular, the Poincare-Cartan form Qpc and the phase space itself M = {x'^,pj) 
should be regained from a group of strict symmetry G. In fact, in the special case of a Lie 
group which bears a central extension with structure group U{1) parameterized hy E C such 
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that ICP = 1, as we are in fact considering, the group manifold G itself can be endowed with 
the structure of a principal bundle with an invariant connection, thus generalizing the notion of 
quantum manifold. 

More precisely, the C/(l)-component of the left-invariant canonical form (dual to the vertical 
generator X^, i.e. 9^^'^\X^) = 1) will be named quantization form B = 0^^^^ and generalizes 
the Poincare-Cartan form Qpc of Classical Mechanics. The quantization form remains strictly 
invariant under the group G in the sense that 

Lj>nQ = Va 

whereas Qpc is, in general, only semi-invariant, that is to say, it is invariant except for a total 
differential. 

It should be stressed that the construction of a true quantum manifold in the sense of 
Geometric Quantization [2, 3] can be achieved by taking in the pair {G, G} the quotient by the 
action of the subgroup generated by those left- invariant vector fields in the kernel of and dQ, 
that which is called in mathematical terms characteristic module of the 1-form 0, 

A further quotient by structure subgroup U{1) provides the classical solution Manifold M or 
classical phase space. Even more, the vector fields in Cq constitute the (generalized) classical 
equations of motion. 

On the other hand, the right-invariant vector fields are used to provide classical functions 
on the phase space. In fact, the functions 

Fa = ixR^ (8) 

a 

are stable under the action of the left- invariant vector fields in the characteristic module of O, 
the equations of motion, 

L^i^Fa = VX^ G C© 

and then constitute the Noether invariants. 

As a consequence of the central extension structure in G the Noether invariants (and the 
corresponding group parameters) are classified in basic (symplectic or dynamical) and non- 
basic (non-symplectic or kinematic) depending on whether or not the corresponding generators 
produce the central generator by commutation with some other. Basic parameters (Noether 
invariants) are paired (and independent). Non-basic Noether invariants (like energy or angular 
momenta) can be written in terms of the basic ones (positions and momenta). 

As far as the quantum theory is concerned, the above-mentioned quotient by the classical 
equations of motion is really not needed. We consider the space of complex functions * on the 
whole group G and restrict them to only i7(l)-functions, that is, those which are homogeneous 
of degree 1 on the argument ( = e^"^ e U{1). Wave functions thus satisfy the i7(l)-function 
condition 

X^^ = i^. (9) 

On these functions the right-invariant vector fields act as pre- quantum operators by ordinary 
derivation. They are, in fact, Hermitian operators with respect to the scalar product with mea- 
sure given by the invariant volume u defined above (7). However, this action is not a proper 
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quantization of the Poisson algebra of the Noether invariants (associated with the symplectic 
structure given by dQ) since there is a set of non-trivial operators commuting with this repre- 
sentation. In fact, all the left-invariant vector fields do commute with the right-invariant ones, 
i.e. the pre-quantum operators, and, therefore, the representation is not irreducible. According 
to Schur's Lemma those operators must be trivialized. To this end we define a polarization 
subalgebra as follows: 

A polarization V is a maximal left subalgebra containing the characteristic subalgebra Qq and 
excluding the central generator. 

The role of a polarization is that of reducing the representation which then constitutes a true 
quantization. To this end we impose on wave functions the polarization condition: 

Xt"^ = VXfe^ G V 

In finite terms the polarization condition is expressed by the invariance of the wave functions 
under the finite action of the Polarization Subgroup Gp acting from the right, that is: 

^{g'gp) = ^{g') ^gp e Gp . (10) 

To be intuitive, a polarization is made of half the left-invariant vector fields associated with 
basic (independent) variables of the solution manifold in addition to those associated with non- 

symplectic parameters as time or rotational angles. We should remark that the classification 
above-mentioned of the Noether invariants in basic and non-basic also applies to the quantum 
operators so that the latter ones are written in terms of the formers. 

As an additional comment regarding polarization conditions, it must be stressed that when 
expressed as quantum equations, they contain, in particular, the evolution equation properly, 
that is, the Schrodingcr(-likc) equation. In this respect these polarizations (and the GAQ method 
itself) depart from those in Geometric Quantization, which are imposed only after having taken 
the quotient by the classical evolution explicitly, that which means having solved the classical 
equations. Another respect on which GAQ departs from GQ is in that the entire enveloping 
algebra (both left and right ones) can be used to construct higher-order Polarizations and higher- 
order operators. 

The integration volume lo can be restricted to the Hilbert space of polarized wave functions 
H by means of a canonical procedure a bit technical for the scope of the present report. We 
refer the reader to Ref.[17]. 

Before ending this section let us mention that the existence of a polarization containing 
the entire characteristic subalgebra (usually referred to as full polarization) is not guaranteed 
in general and we then can resort to the left enveloping algebra to complete the polarization 
in the same way that any operator in the right enveloping algebra can be properly realized as 
a quantum operator (see Ref. [18]). Higher-order polarizations are used by strict necessity, 
when no full polarization can be found (in this case the system is anomalous in the standard 
physical sense [19]), or simply by pure convenience of realizing the quantization in a particular 
"representation" adapted to given variables. 
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4 Quantum Mechanics (examples with a finite number of de- 
grees of freedom) 



In this section some examples of symmetry groups -H- physical systems correspondence involving 
a finite number of dynamical variables are reported in the simplest manner, showing the way 
GAQ can be used in practice. Formal developments and subtleties are left for a further reading 
of the references. 



4.1 The Free Galilean Particle 

We shall adopt the notation B = t, A = x, V = v (p = mv) for the parameters in the group 
law to reinforce the fact that all physical variables do emerge naturally from the group manifold 
itself and the dimension will be kept to 1 + 1 to reduce the expressions to the minimum. 

Reading the group law (4) in the new variables and deriving the double primed variables 
with respect to every non-primed and primed one at the identity we get the explicit expressions 
of the left- and right-vector fields, respectively: 



If 



d 

'Bx 
d_ 

d4> 



^x 

V 

vR 
^0 



X, 



at 
d_ 



(11) 



By duality on the left generators, selecting the U{1) component, or by using the direct 
formula 



e = e^'t' 



one can compute the quantization form (the actual expression of the Poincare-Cartan part is 
defined up to a total differential depending of the particular co-cycle used in the group law, 
which is defined in turns up to a co-boundary; see Ref.[14, 1]): 



e = 



1^'^ = —mxdv — -mv^dt + dcj) 



Prom the commutation relations (the left ones change the structure constants by a global sign) 



^t^' ^x 



R 



= 0, 



R 



= x. 



R 



^x^ 



R 



= —mX, 



R 



(13) 



one rapidly identifies x,v as canonically conjugated (symplectic) variables and t as a non- 
symplectic parameter. In fact, the left generator X^ generates the characteristic subalgebra 
Qq and constitutes the classical equations of motion (generalized, since there is an extra equa- 
tion for the central parameter). 

The quantum wave functions are complex functions on G, ^ = ^(C, x, v, t), restricted by the 
L'"(l)-function condition (9), as well as the polarization conditions 



X^^ = (a = t,x maximal set) 
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We then obtain: 



X^* = ^ ^ = C<^>{t,x,v) 
X^^ = 0^ ^> / $(x), $ = 

* dt 2 ^ dt 2m^ 

i.e. the Schrodinger equation in momentum space. 

On the (reduced) wave functions the right-invariant vector fields act reproducing the standard 
quantum operators in momentum space "representation" : 

X^ip = imvip, X^^ = —ip, lf^ = -i|-^, (14) 

the operator E = iXf being a function of the basic one p = iX^. Had we considered the motion 
in 3 + 1 dimensions, we would have found also new operators in the characteristic subalgebra 
associated with rotations acquiring the usual expressions in terms of the basic operators v and 
^=iX?. 



4.2 Revisited Minimal Coupling Principle 

In this subsection we attempt to describe group-theoretically the motion of a particle subject to 
an external field. Even though wc do not intend to account for the field degrees of freedom, the 
transformation properties of its "zero-modes" can be encoded into part of a symmetry group. 
The general mechanism under which a free particle starts suffering an interaction parallels 
the well-known Minimal Coupling Principle, which is now revisited from our group-theoretical 
approach. We shall be concerned here with the classical domain only. 

Let G be a quantization group generated by {-X"^}, A = 1, ...,n and {Xa}, a = 1, ...,m < n 
an invariant subalgebra: 

[Xa, Xa] = C\aXh 

If we make "local" the subgroup generated by {Xg], that is to say, if the corresponding group 
variables are allowed to depend arbitrarily on the space-time parameters, we get an infinite- 
dimensional Lie algebra: 



{f ® Xa, Xa} 



with the following new commutators: 



Xa, r ® Xa 



r 



Xa, Xa 



+ L^J^^Xa 



= r®C\aXb + L^J'^®Xa 

Now we just attempt to "quantize" this new (local) group G{x,t). 



(15) 
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4.2.1 Particle in an Electromagnetic Field. 

We start from the [/(l)-extended Galilei group, G, and make the rigid group ^ = e'^ G C/(l) 
into "local", i.e. we ahow the parameter to depend on the space-time variables, = t). The 

-•2 

idea is to keep the invariance of the generahzed Poincare-Cartan form Q = pidx^ — + d(f) 
under the locally extended Gahlei group. 

According to the Revisited Minimal Coupling Principle [20] we only have to compute the 1- 
form Q associated with the Gahlei group extended by the infinite dimensional group U{l){x,t). 
But, in order to parameterize properly the quantization group let us formally write 



(/.(x, t) = 0(0, 0) + </>^(f , = <P + Ai,{x, 
and compute the group law: 



(16) 



x" 
v" 

^1 



t" = t' + t 

x' + R'x + v't 
v' + R'v 
AL + R'Ag 

A[ + At + v'- R'A^ 

(f)" = (f)' + (l) + m[x' ■ R'v + t{v' ■ R'v + ^v'^)]+ci[x' ■ R'Ag + tv' ■ R'Ag + tA't] 

where two different co-cycles characterized by m and q, that is, the mass and the electric charge, 
have been introduced. 

Prom now on we shall disregard the rotation subgroup although the vector character of the 
variables will be maintained. Also, and since we do not intend to describe quantum aspects, 
the expression of the left-invariant generators will be omitted (see Ref. [20]) and only the Lie 
algebra commutators are written: 



vL vL 



= 
= 



1 ^At 



- 




(17) 



By duality from the explicit expression of the left-invariant generators, derived in turn from the 
group law, or directly from the composition law corresponding to the U{1) parameter, through 
the formula (12), we obtain the quantization form 



e 



-mx ■ dv — q X ■ dA — {-mv'^ + qAt)dt + d(f) 



whose characteristic module contains the generator of the time evolution: X such that ix& 
ixdO = 0, that is. 



X = — + v- — - — 
dt dx m 



dAi dA. 



' dx^ dx 

which implies the following explicit equations of motion: 



v' + 



dAo dA. 



dx^ 



+ 



dt 



d_ 

dvi 



dx 
'dt 



V, m- 



dv 
'~dt 



^ ^ ^ dA 

q[vMy ^A)-vAo - —]. 



(18) 
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Making the standard change of variables 



B = VAA, E = -VAo-— (19) 
we finally arrive at the ordinary equation of a particle suffering the Lorentz force: 

m— = q[E + vAB] 

As a last general comment, let us remark once again the physical relevance of central exten- 
sions. It might seem paradoxical the fact that a non-trivial vector potential (in the sense that 
it is not the gradient of a function) can be derived some how from the function (p{x,t), but it 
is the central extension mechanism what insures that ^4^ can be something different from the 
gradient of a scalar function. In other words, the generator Xaij, in (17), for ^ = 0, necessarily 
generates trivial (gauge) changes in A^. 



4.2.2 Particle in a gravitational field. 

Let us pass very briefly through this finite-dimensional example where the computations are 

made in dimension 1 + 1 although the vector notation is restored at the end. We start from 
the [/(l)-extendcd Poincare group and make "local" the translation subgroup, the Lie algebra 

of which can be written as 

= [Po,P]=0 
= X^ or [Po,K]=P 

= -j,Xf - mXf [Po, K] = -j,Po - mX^ , 

and repeat the process of "localizing" translations in a way analogous to that followed for the 
U{1) subgroup in the electromagnetic case. We write, as before, 

r®p^ = (r (0) + r''{x)x,) ® 

and rename the functions f^^ as , which will prove to be the non-Minkowskian part of a 
non-trivial metric, that is: h^^^ = g^'^ — r]^^ 

The Lie algebra must be explicitly written according to the general formula (15) and the 
rigid algebra (extended Poincare). We show in boldface the terms that survive after an Inonii- 
Wigner contraction with respect to the subgroup generated by Xf (the non-relativistic limit): 



Xy , Xx 




-Xt + mcX^ 


Xt,Xh^^^ 


= Xx 


Xv , Xt = 




Xx,Xho^ 






Xv,Xh„^, 


= -Xho^ 


Xx,Xh^^ 


= —Xx 


Xhtm ■ Xfi, 


X 


= Xy 


Xy.Xh,,^ 


= Xh„, 


Xhox ) Xhxo 


p = Xy 


Xt,XhQQ 




= Xt + gX^ 


Xv,XhQ^ 


= ~Xfioo + Xfi^^ 







It should be remarked that we have naively written a gravitational coupling constant g 
in places that parallel those of the electric charge q in the Lie algebra that accounts for the 



yR vR 
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electromagnetic interaction; that is to say, on the right hand side of the commutators 



and 



, but the Jacobi identity requires the equahty g = mc, which may be properly 
identified with an algebraic version of the Equivalence Principle. Note that both q and g = mc 

are true central charges (in the sense that they parameterize non-trivial central extensions) in 
the non-relativistic limit. To be precise, q also parameterizes non-trivial central extension in the 
Poincare group. 

Now, the group law must be computed order by order, although it is enough to keep the 
expansion up to the 3*'^ order for illustrating the dynamics. We remit the readers to Ref. [20] 
for a detailed computation and here only the final equation of motion are showed. 
Geodesic Force: We introduce for simplicity the vector notation: h^^ = h. In terms of these 
variables the equations of motion, for low gravity and low velocity, are: 



dx 
lit 



= V, 



dv 

m— = —m 
dt 



vA{VAh)-Vh'^^- 



dh 
'dt 



+ -V{h-h) 



(20) 



They reproduce the standard geodesic motion, up to the limits mentioned, and in a form 
that emulate the electromagnetic motion (18) for electromagnetic-like vector potential A = 
{hP^ ~ ■ h, h) according to that which is named "gravitoelectromagnetic" description in the 
literature (see, for instance, Ref. [21, 22, 23, 24]). 

4.3 Particle moving on a group manifold: case of the SU (2) group 



In this last finite-dimensional example let us adopt a slightly different point of view, that is, 
we shall start from the classical Lagrangian and try to close a Poisson subalgebra containing 
(iJ, q,p). However, except for simple examples such a subalgebra is infinite. To keep ourselves in 
finite dimensions (that is, with a finite number of degrees of freedom) we may alternatively resort 
to an auxiliary, different finite-dimensional Poisson subalgebra (closing a group G) such that, 
in its enveloping algebra, the original functions {H,q,p) can be found, and therefore quantized. 
In fact, in the GAQ scheme, not only the generators of the original group G can be quantized, 
but also the entire universal enveloping algebra. This procedure has been explicitly achieved 
in dealing with the quantum dynamics of a particle in a (modified) Poschl- Teller potential[25], 
where the "first-order" (auxiliary) group G used was SL{2,R). 

We start by parametrizing rotations with a vector t in the rotation-axis direction and with 
modulus 

k1 



2sin- 
2 



£ ■ 



■)6 



1 



£-2 



1 



In these coordinates the canonical left-invariant 1-forms read: 



e ^ • 
4 ^ 



e-e 



3 



and in terms of these the particle-a -Model Lagrangian acquires the following expression: 



2 ^3 m 2 



Sij + 



£i£ 



4(1- f) 
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Proceeding much in the same way followed in the previous section, we compute the canonical 
momenta: 

-3 

= ^ = 9i3e' 

and the Hamiltonian: 

We assume the canonical bracket between the basic functions and iTj-. 

{s'\ TTj} = Sj added with 

{H,Tri} = -(£-7f)7rj, 

so that (H, TTj, 1) do not close a finite-dimensional Lie algebra. 

However, we may define the following set of new "coordinates", "momenta" and even, "en- 
ergy" and "angular momenta": 

{p' = 2g-^'^TTj, y = Vme^, E = 2Vm, = r?i„£"^7r") . 

They close the Lie algebra of 5(9(3, 2) i.e. an Anti-de Sitter algebra. That is, the basic brackets: 

{E,p'} = 

{E, = V 

{k\pj} = 6'jE, 



along with the induced ones: 



{k\ k^} = -r]%j' {p\ p>} = -r]%J^ 

{J^ p^} = n^p'^ {E, J} = 0, 

close a finite-dimensional Lie algebra to which we may apply the GAQ. (Note the minus sign in 
the first line, which states that the involved group is SO{3, 2) and not 5*0(4, 1)). 

We then quantize the Anti-de Sitter group so that the original operators 7^, TTj, can be 
found in its enveloping algebra through the expression: 

{n ^ Ie\ {g^^p, +p,9^^) {n-"^k^ + Un-''^) , i) 

In so doing we parameterize a central extension of the Anti-de Sitter group by (abstract) 
variables {a°, a, v, e, C,}, which mimic those for the Poincare group. In the same way we hope 
that the right-invariant generators associated with those parameters reproduce corresponding 
functions {E, pi, k^ , J^, 1} as Nocthcr invariants satisfying the Poisson brackets above. 

At this point it should be stressed that the parameters e and the corresponding quantum 
operators (essentially the right generators Xf) are associated with ordinary rotations on Anti-de 
Sitter space-time, whereas the e parameters correspond to "translations" on the SU (2) manifold. 
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We shall not give here the explicit group law for the group variables nor the explicit expression 
for the left-invariant vector fields on the extended 50(3, 2) group (which can be found in Refs. 
[26, 27]), limiting ourselves to write the explicit expression for the (higher-order) polarization 
condition and the wave functions as solutions of it. That is, from the polarization condition 
Tip = 0, with 

^=\^aO =y^aO) A^o, A-,A-; 

we arrive at a wave function depending only on a*', a and satisfying a Klein-Gordon- like equation 
with SO{3, 2) D'Alembertian operator given by 



i-r)]Q^ - [16 + rl^{8 + ^{rl- (a°)^))]^ - -[32 + ^(40 



+ 7^(r^ - {ay))]^2a\-{% + ^(r^ - (a")^))^} + 



where 



" dra ° da^dva Qa^a ' 



sin6la56'a sin^eia^iys^ 
is the square of the standard orbital angular momentum operator (save for a factor h) and 



r„ = Vd^ , g„ = ^/i + ^ (52 - (a0)2) . (21) 



The wave functions are 

-2icA„i arcsin( ) ^ ^ 

0(a,a°) = e V^^^^^^ ^^(^a, <^a)(l + -«^^)-^(?ar„)V^(9ara) 



C2 



where 

An 



3 1 / TTi^ 

E ^ (- + 2n + Z + -^9 + 4^-480^ 

3 3 
= 2i^i(-n,n + / + --A„^/ + -;-^g2^2) 

and ^ is a free parameter related to the "zero-point energy" [28]. On this representation the 
operators corresponding to the original functions tTj and the energy % can be realized. 

5 Quantum Field Theory (examples with an infinite number of 
degrees of freedom) 

Typical infinite-dimensional systems in Physics appear as mappings from a space-time manifold 
M into a (not necessarily Abelian) target group G 

cp: M ^G, cp{x). (22) 
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If a is an invertible, difFerentiable transformation of M, i.e. a is an element in Diff(M), or a 
subgroup of it, the following semi-direct (Diff (M) (g)^ G{M)) group law holds: 

a" = a'oa, (p"{x) = ip'{a{x)) * (p{x), (23) 

where o is the composition group law in Diff(M) (composition of mappings), * denotes the 
composition group law in the target group G and a{x) stands for the action of Diff(M) on 
M. When the group G is not a (complex) vector space C", the group of mappings is usually 
called gauge, local or current group G{M). Specially well-known are the unitary gauge groups on 
Minkowski space-time and the loop groups which correspond to the case in which M is the circle 
S^. However, the actual physical fields correspond to the elements in the centrally extended 
group Diff (M) ®5 G{M). In the case oi M = the group (23) has a specially rich structure 
(that is Virasoro (8)5 Kac-Moody) [29] with many applications in conformal field theory in 1 -|- 1 
dimensions [30]. As a general comment, the ability in parametrizing the infinite-dimensional 
group (23) will play a preponderant role in the corresponding physical description. 



5.1 The Klein-Gordon Field 

As a very simple example of the general scheme above-mentioned let us consider the case in 
which M is the Minkowski space-time with co-ordinates {x^ = ct, x), Diff(M) is restricted 
to its Poincare subgroup (or even just the space-time translations subgroup, for the sake of 
simplicity), parameterized by (a° = cb, a), and G is simply a complex vector space, let us say 
C, parameterized by (p. 

There is a natural parametrization of the group above associated with a factorization of 
M as S X i?, that is, the product of a Cauchy surface S and the time real line. In fact, we 
can use {b,a;ip{x),(p{x)). In these variables, however, whereas the space translations a act on 
(p{x) by just moving the arguments as x + a: (p{x + a) = exp(ia • d^)(p{x), making b an action 
on {ip{x),(f(x)) requires the knowledge of the equation of motion, though not necessarily their 
solutions. For the Klein-Gordon field the time evolution equations are 



if (f) = (V^ - rr?)(p{x) 



and the time action ip'{b{x)) reads: 



ip'ib{x)) = e'^^^Wx) = cos 



be 



m? — 



V2 



ip'{x) + i- 



sm 



bc\/ m? — 



This way, all canonical operations on groups can be easily performed. For instance, the right- 
invariant vector fields are: 



R 



X, 



X, 



'R 

MS) 

R 



d_ 
db 



(bJ m? - ) -r^-r^r - J m? - V^sin (b 



cos b\ w? — 



+ 



5^{x) ^^2 _ y2 



w? — 



sin b\ — 



5(p{x) 
5 

S(f{x) ' 
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and their commutation relations: 







yR 






vR 
^b 


vR 


yR 


X 


R 


yR 

^<p{x') 


= {S{x — x')X^ when centrally extended) 



Notice that the actual solutions of the equations of motion of a more general system are not 
required since the corresponding Lie algebra can be exponentiated (at least) order by order 
giving rise to the finite action of h on both ip{x) and ip{x). 

As mentioned above, what really matters for the physical description is the corresponding 
centrally extended group. In order to motivate such extension we shall proceed in a way anal- 
ogous to that followed in the case of Mechanics. Let us go then temporarily to the standard 
Lagrangian formalism for classical fields. The real Klein-Gordon field of mass m is described by 
the Lagrangian 

/: = ^(5^^5''(^-mV) (24) 

which is well-known to realize the Poincare symmetries (see, for instance Ref. [31]). However, 
the Noether invariants associated with space-time symmetries are not relevant in studying the 
solution manifold Ai in the sense that they are not the basic, independent functions parametriz- 
ing the phase space. In fact, quantities such as the energy- momentum tensor or the general- 
ized (rotations and Lorentz) angular momenta are written in terms of the Fourier coefficients 
a{k), a*{k), where the four vector runs on the Lorentz orbit k^^k^i = m?. Here we are primarily 
interested in characterizing those Fourier coefficients as Noether invariants of certain generators 
leaving semi-invariant the Lagrangian (24). To this end wc consider the following vector fields 
on the complete (including the field derivatives) configuration space for the Klein-Gordon Field 

(25) 



Xa*(k) 



te 



r) r) 

ikx ^ 1^ if^^^ 



Computing the Lie derivative of the Lagrangian with respect to this vector (note that the 
second components of this vector are simply the derivatives of the components on (p) we obtain: 



(26) 



where explicit use of the mass-shell condition for k has been made. The Noether theorem 
establishes that the current 

'^a*{k) = -^a*{k)^'^ ~ ^'^ 

(where X^,^^^ is the (^-component of the generator, i.e. the infinitesimal variation 5ip and 
tt'* = is the field covariant momentum) is conserved: 5^ = 0. The Noether charge reads: 



(27) 



which turns out to be just the Fourier coefficient a{k). In the same way we obtain the charge 
a* (k) and so a coordinate system for the solution manifold M. made of Noether invariants. 
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Analogously, an equivalent configuration-space parametrization can be considered. In fact, 
the vector fields: 



dip 



(28) 



dip 



have as Noether invariants the values of ip and n = ip on each one of the points of the Cauchy 
surface E. In terms of these "configuration-space" variables the symplectic form on M. adopts 
the aspect and properties of that of Classical Mechanics: 



wk-g = d-dx-G ~ ^ (^J 7r{x)6ip{x)^ 



the symplectic potential t^k-G, or Liouville form, being semi-invariant under the basic symme- 
tries (28). 

To end up with the (semi-)invariance properties of the Klein-Gordon field it should be men- 
tioned that the symmetries of this Lagrangian can be given the aspect of some sort of "residual 
gauge" symmetry, even for m 7^ 0. In fact, for any real function / on M satisfying the Klein- 
Gordon equation, the vector field 



dip '^dip^ 

leaves (24) semi-invariant. 

Once the necessity of a central extension of the semi-invariance group (23) has been stated 
and motivated, we write the quantization group for the Klein-Gordon field in covariant form 
[32] as follows: 

a" = a' + A'a 
A" = A'A 

ip"{x) = ip\Ax -\-a) + ip{x) 
= V'^,{^x + a) + ip^{x) 

C" = C'Cexp 1^ ^ daf" [^'(Ax + a)^^(x) - ^'^.iAx + aMx)] | , 

where the Poincare subgroup is parameterized by (a, A), da^ = n^{x)da and x is, in principle, 
supposed to live on the Cauchy hypersurface S, with unit normal vector n^(x), although the 
fields ip and ipi^ can be defined on the entire Minkowski space-time if they satisfy the equations 
of motion. In this sense, the exponential is well-defined, even though the fields would live on the 
whole space-time, because the integrand is a conserved current. Further details can be found in 
[32] and references therein. 

5.2 Sigma Model-type systems 

A less trivial example of infinite dimensions arises when the target group, in which the fields 
are valued, is considered to be non-Abelian. Then a physical system associated with such fields 
is the so-called Non-Linear Sigma Model (NLSM). 
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For the sake of simplicity, let us consider the case of G = SU (2). Denoting by Ta, a = 1,2, 3, 
the Lie algebra basis matrices, with commutation relations [Ta,r5] = ilab^^c-, and U = ex.p{iip''Ti,) 
an element of SU{2) parameterized hy (p = (cp^ ,(p'^,Lp^), the left-invariant canonical 1-form [for 
the mappings ip\x) G G in (22)] is Of^ = U-^d^U = efl^^Kb- In terms of 9^ = (^?^\ e?^^), 
the Lagrangian of the SU{2) NLSM can be written as: 

jr, = ^TrG{e;:e'^^) (29) 

This Lagrangian is invariant under the left action (6) of SU{2) and, eventually, it is right- 
invariant as well (i.e. it is chiral). 

In facing the group-quantization of these systems we find a serious obstruction: It is not 
possible (without drastically distorting the leading SU (2) symmetry) to find a semi-invariance 
-like in (26)- helping us to identify the quantization group, even in the solution manifold. 
This can be illustrated by means of the action of the would-be semi-invariance generator in the 
Abelian case, on the symplectic potential (covariantly written in a spatial hypersurface S): 

L 3 '&a= da^e^ 

But 9^ = U^^dU is no longer a total differential when dealing with non-Abelian Lie groups; 
indeed, it verifies 8^9^ — 0^9^ = [9^,9^] ^ 0. So, we are not able to give the complete 
dynamical symmetry of the system on the spot. 

Although the procedure followed above in the finite-dimensional case might be formally 
applied, the normal ordering ambiguities eventually appearing are more involved in field theory, 
giving rise to problems quite analogous to the non-renormalizability arising in the usual canonical 
quantization approach. However, this symmetry obstruction does disappear if we restrict to 
NLSM on just co-adjoint-like orbits of the corresponding group, governed by a partial trace 
Lagrangian. 

5.2.1 Partial trace. 

Let us replace the target manifold for the fields in (29) (i.e. G = SU{2)) by a coset G/G\, 
G\ = U{1) being the isotropy subgroup of a given Lie algebra element A = A"ra under the 
adjoint action A — t- g\g~^ of SU{2). To be precise A should have been defined as an element 
of the dual of the Lie algebra, which is equivalent to the Lie algebra since SU{2) is semisimple. 
Now, the (total-trace) NLSM Lagrangian (29) is replaced by the partial-trace one: 

J^G/G, = lTrG/GM9^n ^ lTrG{[X,9^][\,9^^^]) . (30) 
It can be realized that, defining 

A(x) = U{x)XU{x)-^ = A"(ar)Ta, U{x) G G , 
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we have an alternative way of writing (30) as 

t^GIG, = ^TrG(A^A^) = ^Ka,A;lA''^ . (31) 

where K^b is the Kilhng metric. Note that this Lagrangian is singular due to the existence 
of constraints like, for example, TrG'(A(a;)^) = TrG(A^) = constant. We shall not deal with 
constraints at this stage. They will be naturally addressed inside our quantization procedure 
below. 

The Lagrangian (31) generalizes to field theory that of a point particle constrained to move 
on a sphere. In [33] it was shown that the Euclidean Group constitutes the addressing symmetry 
in the case of S^, achieving the expected quantum theory. 



5.2.2 Local Euclidean Group. 

The field analogue to the symmetry of a particle moving on the sphere proves to be a local 
version of the Euclidean group and its unitary and irreducible representations arc intended to 
account for the quantization of the partial-trace NLSM associated with the group G = SU{2) 
(the extension to any semi-simple Lie group G is essentially straightforward). This group will be 
parameterized by the local SU{2) parameters (p"'{x) and the (co-)adjoint parameters Oj^"'{x) (the 
superscript L will be omitted in the sequel). Then, the vector fields X^af^^-^ = 1, 2, 3, generate 
local internal rotations and the vector fields XgLaf^^-j, a = 1,2,3, // = 0,1,2,3, generate the 
(co-)tangent subgroup. In terms of these variables the group law is: 



U"{x) 



U'{x)U{x) 

u'{x)e^{x) u'\x) + e'^{x) 



C'Cexp 



I I da" Ti 
s 



A {U'{x) e,{x) U'\x) - 9,{x)^ 



where U{x) = U{(p{x)). Here, all fields arc assumed to be defined on the Cauchy surface S, so 
that, the time translation can not be directly implemented, in contrast with the Klein-Gordon 
case. However, we shall construct an explicit Hamiltonian operator to account for the time 
evolution on the quantum states (see below). 

We can immediately compute the corresponding right-invariant vector fields: 

S 

ip°-{x) 

5 



X 



(x) 



5e-{x) 



If 



d 



Re«— ) = S, 



(32) 



closing the Lie algebra of the local Euclidean Group: 



' vR y-R 

^^-{xY^^bl^y)_ 






yR yR 

^<P-{.xy^el{,y)_ 




- y) {^ix) - ^cn^ s 


' vR yR 

^e-{xy^0b{y)_ 


= 0. 





(33) 
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We can also compute the left-invariant vector fields: 

_ yL (G) 



= ReiiC—)^E, (34) 



closing the same Lie algebra except for opposite structure constants. Directly from the group 
law or by duality on (34) the left-invariant 1-form in the (^-direction, 0^, can be computed 



[ da^Tv {{A - X)6e,) + ^ . (35) 



Note that only the time-like component of those 6^ in the coadjoint orbit defined by A will 
contribute to the solution manifold. In fact, the characteristic module is generated by: 

According to the general formalism, Sec. 3, the Noether invariants are the following: 

= [An^, r]=L 
Ig, = (A-A)n^, (36) 

although only L and S = n'^Iet^. are independent, the basic ones, and parameterize the solution 
manifold. In terms of these Noether invariants, the quantization 1-form can be expressed as 

e^/«- = / da'^TV(S5[L,/,.]) + ^ . (37) 

The basic Poisson brackets read 

{La(x),U(y)} = -r/„j%c(x)'5(^- y), 

{ha{x)My)} = -Vab"^c{mx-y)+Vab>^cS{x-y). (38) 

Even though we have not included the Poincarc subgroup, the time evolution (we shall choose 
S = M'^ in the time direction, i.e., da^ — )• d'^x) can be realized on the solution manifold by giving 
a Hamiltonian function of the basic Noether invariants. The Hamiltonian, 



^y"dML' + (VS)2}, (39) 



reproduces the classical equations of motion in terms of the Poisson brackets above. 

In order to achieve the quantization of the present system, wc must find a polarization 
sub-algebra. It is given by the characteristic module together with half of the conjugated pairs: 

An irreducible representation of the group is given by the action of the right-invariant vector 
fields of the group on the complex functions valued over the group manifold, provided that these 
functions are polarized and satisfy the U(l)-function condition: 
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= 0, = z^f. 



It can be easily checked that such functions (now true wave functions) are of the form: 

where $ is an arbitrary function of its argument. 

The action of the right-invariant vector fields preserve the space of polarized wave functions, 
due to the commutativity of the left and right actions as already stated, so that it is possible to 
define an action of them on the arbitrary factor $ in the wave functions. It is not difficult to 
demonstrate that on this space of functions the basic quantum operators acquire the following 
expression: 

5„$ = i^-ie^/.da-Tr(A(r/te,c/-e,))^^^R^ = (S„ - A,)cl> 

L„$^-zr^e^^-'^'^''^(^(^^^''^-Ml«^ = Va,"^'^^'^, (41) 

where the operator n^^^Xj^^^^ can be redefined with the addition of A to fix the vacuum expec- 
tation value to zero. 

On the quantum representation space we can construct the Hamiltonian operator 

H^ = ^Jd^x{L'^ + {VSf}^, (42) 

that represents the classical Hamiltonian H without ordering ambiguity, due to its quadratic 
expression in terms of the basic operators. It must be emphasized that this operator preserves 
the Hilbert space of quantum states. 

Thus, it becomes evident at this point that the domain of the wave functions has been nat- 
urally selected without imposing any constraint condition as such. Our quantization program 
chooses as the basic observables the X^,. operators, playing the role of "generators of trans- 

lations" in the internal parameter space, and the conjugated ones nfi,{x)X^ playing that of 
"field" operators. Note that had we resorted to canonical quantization we should have pos- 
tulated basic commutators of the generic form [(p{x), g^^] = S{x — y), in deep contrast with 
(33). 

Let us remark that even though we have discarded the Poincare symmetry as a subgroup 
of our quantization group G, the extended local Euclidean group, and in particular the time 
translation, we have provided a quantum Hamiltonian preserving the Hilbert space of the quan- 
tum representation. This means that we can proceed with any computation involving the time 
evolution without disturbing the physical system as a whole. Namely, we can construct a per- 
turbative theory in the "Heisenberg picture" [34] , that is to say, evolving the wave functions, 
originally defined on the Cauchy hypersurface, with the exponential of the total Hamiltonian. 
The explicit perturbation series can be achieved according to the Magnus expansion [35] which 
guarantees unitarity to each order. Also, if the actual Hamiltonian can be decomposed into two 
pieces each one preserving the original Hilbert space, one of them considered as a free Hamil- 
tonian Hq, the other as an interaction Hamiltonian, Hint, it is then possible to achieve the 
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perturbation theory in two steps. In that case, in the first step we arrive at some sort of "free" 
theory to which we apply the perturbation addressed by Hint, in a way that reahzes the more 
standard Dyson expansion in the "interaction picture". In Ref. [36] we analyzed this scheme 
and discussed the differences with ordinary perturbation approach, in particular the fact that 
we start from a Hamiltonian Hq whose classical theory possesses the same topology as that of 
the total Hamiltonian, a relevant ingredient to achieve a unitary, renormalized theory. 

This group-quantization of non-linear sigma models is being further developed in relation 
with relevant physical applications in alternatives to the Higgs-Kibble mechanism of mass gen- 
eration [37] (see also [38, 39]). 

Acknowledgments 

Work partially supported by the Fundacion Seneca, Spanish MICINN and Junta de Andalucfa 
under projects 08814/PI/08, FIS2008-06078-C03-01 and FQM219-FQM1951, respectively. F.F. 
Lopez-Ruiz thanks C.S.I.C. for an I3P grant. M. Calixto thanks the Spanish MICINN for a 
mobility grant PR2008-0218. All the authors wish to thank J.L. Jaramillo and E. Sanchez- 
Sastre for useful discussions. 

References 

[1] V. Aldaya and J.A. de Azcarraga, J. Math. Phys. 23, 1297 (1982) 

[2] J.M. Souriau, Structures des systemes dynamiques (Dunod, Paris, 1970). 

[3] B. Kostant, Quantization and Unitary Representations, in Lecture Notes in Mathematics, 
170 (Springer, Berlin, 1976). 

[4] A. A. Kirillov, Elements of the Theory of Representations (Springer, Berlin, Heidelberg, NY, 
1976). 

[5] N. Woodhouse, Geometric Quantization (Clarendon, Oxford, 1980). 

[6] J. van Hove, Ascd. R. Belg., CI. Sci., Mem., Collect., 6, t. XXVI (1951). 

[7] V. Guillemin and S. Sternberg, Symplectic techniques in physics, Cambridge Univ. Press 
(1991). 

[8] V. Aldaya, J. Bisquert and J. Navarro-Salas, Phys. Lett. A156, 381 (1991). 

[9] V. Aldaya, J.R. Klauder and J. Navarro-Salas, Class. Quantum Grav. 8, 413 (1991). 

[10] J. Navarro-Salas, M. Navarro and V. Aldaya, Nuc. Phys. B403 291 (1993). 

[11] V. Aldaya, M. Calixto and J.M. Cervero, Commun. Math. Phys. 200, 325 (1999) 

[12] V. Aldaya, M. Calixto and J. Guerrero, Commun. Math. Phys. 178, 399 (1996) 

[13] M. Calixto and V. Aldaya, J. Phys. A32, 7287 (1999). 



22 



[14] V. Bargmann, Ann. Math., 59, 1 (1954). 

[15] J.M. Levy-Leblond, in: Group Theory and its Applications, 2, Ed.: E.M. Loebl (Academic 
Press, New York, 1971). 

[16] E.C.G. Sudarshan and N. Mukunda, Classical Dynamics: A Modem Perspective, J. Wiley, 
New York, (1974). 

[17] J. Guerrero and V. Aldaya, J. Math. Phys. 41, 6747 (2000). 

[18] V. Aldaya, J. Guerrero and G. Marmo, Int. J. Mod. Phys. A12, 3 (1997). 

[19] R. Jakiw, in: Current Algebra and Anomalies, Eds.: S.B. Treiman, R. Jakiw, B. Zumino 
and E. Witten (World Scientific, Singapore, 1985). 

[20] V. Aldaya, J.L. Jaramillo and J. Guerrero, J. Math. Phys. 44, 5166 (2003) 

[21] R.M. Wald, General Relativity, The University of Chicago Press, Chicago and London 
(1984). 

[22] S.J. Clark and R.W. Tucker, Class. Quantum Grav. 17, 4125 (2000) 
[23] R. Maartens and B.A. Bassett, Class. Quantum Grav. 15, 705 (1998) 
[24] B. Mashhoon, arXiv:gr-qc/0311030vl 8Nov.2003 
[25] V. Aldaya and J. Guerrero, J. Phys. A38, 6939 (2005) 

[26] E. Silvestrc, Posihles cinemdticas. Little Thesis, Valencia University (1989). 

[27] V. Aldaya, M. Calixto, J. Guerrero and F.F. Lopez-Ruiz, J. of Nonlinear Math. Phys. 15, 
1 (2008). 

[28] D.J. Navarro and J. Navarro-Salas, J. Math. Phys. 37, 6060 (1996) 

[29] J. Mickelsson Current Algebras and Groups, Plenum Press (1989) 

[30] P. Goddard and D. Olive, Int. J. Mod. Phys. Al, 303 (1986) 

P. Goddard, A. Kent and D. Olive, Commun. Math. Phys. 103, 105 (1986) 

[31] C. Itzykson and J.B. Zubcr, Quantum Field Theory, McGraw-Hih (1985). 

[32] M. Navarro, V. Aldaya and M. Calixto, J. Math. Phys. 37, 206 (1996); 38, 1454 (1997). 

[33] V. Aldaya, M. Calixto, J. Guerrero and F.F. Lopez-Ruiz, Rep. Math. Phys. 64, 49 (2009). 

[34] L.D. Landau and E.M. Lifshitz, Quantum Electrodynamics, Course of Theoretical Physics, 
Vol. 4, Pergamon Press (1985). 

[35] S. Blanes, F. Casas, J. A. Oteo and J. Ros, The Magnus expansion and some of its applica- 
tions. Physics Reports 470, 151 (2009). 



23 



[36] V. Aldaya, M. Calixto and F.F Lopez-Ruiz, N on- Canonical Perturbation Theory of Non- 
Linear Sigma Fields, Mod. Phys. Lett. A 26 ((2011) to appear) (arXiv:1007.2820vl(2010)) 

[37] V. Aldaya, M. Calixto and F.F. Lopez-Ruiz, Symmetry group of massive Yang-Mills theories 
without Higgs and their quantization, in preparation. 

[38] V. Aldaya, M. Calixto and F.F. Lopez-Ruiz, Mod. Phys. Lett. A 24, 2731 (2009), 

[39] M. Calixto, V. Aldaya and F.F. Lopez-Ruiz, J. of Nonlinear Math. Phys. 15, 91 (2008). 



24 



